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Abstract
In this paper, we obtain a necessary and sufficient condition for a U(n)-invariant complex
Finsler metric F on domains in Cn to be strongly convex, which also makes it possible to in-
vestigate relationship between real and complex Finsler geometry via concrete and computable
examples. We prove a rigid theorem which states that a U(n)-invariant strongly convex com-
plex Finsler metric F is a real Berwaldmetric if and only if F comes from a U(n)-invariant Her-
mitian metric. We give a characterization of U(n)-invariant weakly complex Berwald metrics
with vanishing holomorphic sectional curvature and obtain an explicit formula for holomor-
phic curvature of U(n)-invariant strongly pseudoconvex complex Finsler metric. Finally, we
prove that the real geodesics of some U(n)-invariant complex Finsler metric restricted on the
unit sphere S2n−1 ⊂ Cn share a specific property as that of the complex Wrona metric on Cn.
Keywords: U(n)-invariant complex Finsler metric, strongly convex, real Berwald metric, holo-
morphic curvature.
MSC(2010): 53C60, 53C40.
1 Introduction and main results
As is well know, a Hermitian metric on a complex manifold M is a Riemannian metric which is
compatible with the complex structure J of M . In Finsler geometry (especially when the metric
is not quadratic), however, real and complex Finsler geometry are not as tightly related as that
of Riemannian and Hermitian geometry. Usually the differential geometry of real Finsler metrics
requires the metrics to be strongly convex along real tangent directions, while the differential
geometry of complex Finsler metrics only requires the metrics to be strongly pseudoconvex along
complex tangent directions, we refer to [1, 2, 10] for more details.
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A real Finsler metric is not necessary reversible while a complex Finsler metric is always re-
versible. A strongly pseudoconvex complex Finsler metric on a complex manifold is not necessar-
ily a real Finsler metric, and vice versa. A complex Finsler metric on a complex manifold is called
strongly convex if it is also a real Finsler metric [1]. The first fundamental example of complex
Finsler metrics which are smooth outside the zero section of the holomorphic tangent bundle of a
complex manifold is undoubtedly the Kobayashi and Carathe´odory metrics on bounded strictly
convex domains with smooth boundaries in Cn, where these two holomorphic invariant metrics
coincide and are strongly convex weakly Ka¨hler Finsler metrics with constant holomorphic sec-
tional curvature −4 [9]. Even in this special case, however, we don’t have the explicit formulae for
the Kobayashi and Carathe´odory metrics.
In [17], H.-H.Wu and F. Zheng gave a systematic study of U(n)-invariant Ka¨hler metrics onCn
with positive bisectional or sectional curvatures, and proved that the setMn of all complete U(n)-
invariant Ka¨hler metrics on Cn with positive bisectional curvatures is actually quite large. Prior to
their paper [17], there are only three example in this direction which were given in Klembeck [8],
and H.-D. Cao [3, 4], all of which are U(n)-invariant Ka¨hler metrics on Cn.
In complex Finsler geometry, prior to the article [15], there is few methods to construct even
strongly pseudoconvex complex Finsler metrics which are not Hermitian quadratic. A natural
question in complex Finsler geometry one may ask is whether there are U(n)-invariant Ka¨hler
Finsler metrics (in the sense of M. Abate and Patrizio [1]) which are not Hermitian quadratic.
In [15], the author obtained the necessary and sufficient condition for a U(n)-invariant complex
Finsler metric to be strongly pseudoconvex, and proved that among all U(n)-invariant strongly
pseudoconvex complex Finsler metrics on domains D ⊆ Cn there is no Ka¨hler Finsler metrics
or complex Berwald metrics other than Ka¨hler metrics or Hermitian metrics. But fortunately, we
found that there are lots of U(n)-invariant weakly complex Berwald metrics in the sense of [16]
which are not Hermitian quadratic. The complex geodesic spray coefficients of these metrics are
quadratic and holomorphic with respect to complex tangent directions.
In complex Finsler geometry, especially when dealing with relationship between real and
complex Finsler metrics, it is natural to assume that the complex Finsler metrics considered are
strongly convex so that we can use some geometric notions (such as flag curvature or other non-
Riemannian quantities) from real Finsler geometry [14, 16]. So far to our knowledge, there are
few such examples and even no effective methods to construct strongly convex complex Finsler
metrics which are not Hermitian quadratic.
Recently, we systematically investigated U(n)-invariant complex Finsler metrics on domains
D ⊆ Cn, and the general complex (α,β)metrics on complex manifolds. We showed that there are
lots of strongly pseudoconvex (even strongly convex) complex Finsler metrics [11–13, 15] which
are not Hermitian quadratic. A U(n)-invariant complex Finsler metric F defined on a domain
D ⊆ Cn is a complex Finsler metric F which is invariant under the action of the unitary group
U(n) in the sense that
F (Az,Av) = F (z, v), ∀z ∈ D, v ∈ T 1,0z D,∀A ∈ U(n).
Let F be a U(n)-invariant complex Finsler metric on a domain D ⊆ Cn. Denote 〈·, ·〉 the
canonical complex Euclidean inner product and ‖ · ‖ the induced norm on Cn, respectively. It was
proved in H. Xia and C. Zhong [11] that F can be expressed as
F (z, v) =
√
rφ(t, s), (1.1)
2
where
r = ‖v‖2, t = ‖z‖2, s = |〈z, v〉|
2
‖v‖2 , ∀z ∈ D, 0 6= v ∈ T
1,0
z D (1.2)
and φ(t, s) : [0,+∞) × [0,+∞) → (0,+∞) is a smooth function. Note that we are only interested
in the case 0 6= v ∈ T 1,0z D since by Lemma 2.3. 1 in [1], a strongly pseudoconvex complex Finsler
metric F is smooth over the zero section of T 1,0D if and only if F comes from a Hermitian metric
on D.
In [15], the third author obtained a sufficient condition for U(n)-invariant complex Finsler
metrics of the form (1.1) to be strongly convex along real tangent directions (see Proposition 4.2).
In this paper, as our first main result, we obtain the sufficient and necessary condition for U(n)-
invariant complex Finsler metrics of the form (1.1) to be strongly convex along real tangent direc-
tions.
Theorem 1.1. Let F (z, v) =
√
rφ(t, s) be aU(n)-invariant complex Finsler metric on a domainD ⊆ Cn.
Then F is a strongly convex complex Finsler metric if and only if
φ− sφs > 0,
φ+ (t− s)φs > 0,
(φ− sφs)[φ+ (t− s)φs] + 2s(t− s)φφss > 0
for every z ∈ D and any nonzero vector v ∈ T 1,0z D.
Remark 1.1. There are lost of functions φ(t, s)which satisfy the conditions in Theorem 1.1.
As an application of Theorem 1.1, we give an example ofU(n)-invariant complex Finslermetric
which is strongly pseudoconvex, but not strongly convex (see Example 4.2).
Our recent results [11, 12] show that among U(n)-invariant complex Finsler metrics, there are
lots of weakly complex Berwald metrics which do not come from complex Berwald metrics. Thus,
it is natural to ask that among U(n)-invariant strongly convex complex Finsler metrics, whether
there are real Berwald metrics? Our second theorem gives a negative answer to this question.
Theorem 1.2. Let F (z, v) =
√
rφ(t, s) be a U(n)-invariant strongly convex complex Finsler metric on a
domain D ⊆ Cn. Then F is a real Berwald metric if and only if F comes from a U(n)-invariant Hermitian
metric.
The following theorem gives a characterization of U(n)-invariant weakly complex Berwald
metrics with vanishing holomorphic sectional curvature.
Theorem 1.3. Suppose that F (z, v) =
√
rφ(t, s) is a U(n)-invariant strongly pseudoconvex complex
Finsler metric on a domain D ⊆ Cn. Then F is a weakly complex Berwald metric with vanishing holo-
morphic sectional curvature if and only if F =
√
rf(s− t) for some smooth positive function f(w) with
w = s− t.
The following theorem gives an explicit formula for the holomorphic sectional curvature of
any U(n)-invariant strongly pseudoconvex complex Finsler metrics.
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Theorem 1.4. Let F (z, v) =
√
rφ(t, s) be a U(n)-invariant strongly pseudoconvex complex Finsler
metric. Then the holomorphic curvature KF (z, v) of F along 0 6= v ∈ T 1,0z D is given by
KF (z, v) = − 2
φ2k1
{
k1
[
s(φtt + 2φst + φss) + (φt + φs)
]
− s2(t− s)φ(φst + φss)2
+2s2(t− s)φs(φst + φss)(φt + φs)− s
[
c0 + (t− s)φs + s(t− s)φss
]
(φt + φs)
2
}
,
where c0 and k1 are given by (4.5). Especially, if 0 ∈ D, then at the origin the holomorphic curvature of F
along any nonzero tangent vector v ∈ T 1,00 D is a constant, i.e.,
KF (0, v) =
−2[φt(0, 0) + φs(0, 0)]
φ2(0, 0)
= constant, ∀ 0 6= v ∈ T 1,00 D.
The above theorem shall be found useful in seeking U(n)-invariant complex Finsler metrics
with some specific holomorphic sectional curvatures. If the origin of Cn is contained in D, the
above theoremalso shows that the holomorphic sectional curvature of anyU(n)-invariant strongly
pseudoconvex complex Finsler metric is constant at the origin in any nonzero tangent direction.
Our last result focus on the real geodesics of any U(n)-invariant complex Finsler metrics.
Theorem 1.5. Suppose that F (z, v) =
√
rφ(t, s) is a U(n)-invariant complex Finsler metric defined on
C
n which is normalized such that φ(1, 0) = 1. Let 0 < α < pi2 and γ(τ)(0 ≤ τ ≤ α) be a real geodesic of
F on the unit sphere S2n−1 ⊂ Cn which is parameterized by arc length. Then
L(γ) = α.
The above theorem shows that as far as the lengths of real geodesics are concerned, when
restricted to the unit sphere in Cn, any U(n)-invariant complex Finsler metric on Cn normalized
by φ(1, 0) = 1 shares the same property as that of the complex Wrona metric on Cn [7].
The remainder of this paper is organized as follows. In section 2, we introduce some defini-
tions and notions which are needed in this paper. In section 3, we derive the real fundamental
tensor and its inverse of a U(n)-invariant strongly convex complex Finsler metric. In section 4,
we give a necessary and sufficient condition for a U(n)-invariant complex Finsler metric F to
be a strongly convex complex Finsler metric. In section 5, we prove that among U(n)-invariant
strongly convex complex Finsler metrics there is no real Berwald metric other than U(n)-invariant
Hermitian metrics. In section 6, we derive an explicit formula for the holomorphic sectional cur-
vature for an arbitrary U(n)-invariant strongly pseudoconvex complex Finsler metric. In section
7, we investigate the real geodesics of a U(n)-invariant complex Finsler metric on the unit sphere
S2n−1 ⊂ Cn.
2 Preliminaries
Let us recall some definitions and notions which are needed in this paper. We refer to [1] for
more details. Let M be a complex n-dimensional manifold with the canonical complex struc-
ture J . We denote TRM as the real tangent bundle and TCM as the complexified tangent bun-
dle of M . Then, J acts in a complex linear manner on TCM such that TCM = T
1,0M ⊕ T 0,1M ,
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where T 1,0M is called the holomorphic tangent bundle of M . T 1,0M is a complex manifold
of complex dimension 2n, and we also denote J as the induced complex structure on T 1,0M
if it causes no confusion. Let {z1, · · · , zn} be a set of local complex coordinates on M , with
zα = xα+
√−1xα+n, such that {x1, · · · , xn, x1+n, · · · , x2n} are local real coordinates onM . Denote
{z1, · · · , zn, v1, · · · , vn} as the induced complex coordinates on T 1,0M , with vα = uα +√−1uα+n,
such that {x1, · · · , x2n, u1, · · · , u2n} are local real coordinates on TRM .
In the following, we denote M˜ as the complement of the zero section in TRM or T
1,0M , de-
pending on whether it is the real or complex situation. And the Einstein summation convention
is assumed throughout this paper.
The bundles T 1,0M and TRM are isomorphic. We choose the explicit isomorphism
o : T 1,0M →
TRM with its inverse o : TRM → T 1,0M , respectively, which are given by
TRM ∋ ua ∂
∂xa
= u = vo = v + v, ∀ v = vα ∂
∂zα
∈ T 1,0M
and
T 1,0M ∋ vα ∂
∂vα
= v = uo =
1
2
(u−√−1Ju), ∀ u = ua ∂
∂xa
∈ TRM.
Definition 2.1 ( [1]). A real Finsler metric on a manifold M is a function F : TRM → R+ that
satisfies the following properties:
(a) G = F 2 is smooth on M˜ ;
(b) F (p, u) > 0 for (p, u) ∈ M˜ ;
(c) F (p, λu) = |λ|F (p, u) for all (p, u) ∈ TRM and λ ∈ R;
(d) For any p ∈M , the indicatrix IF (p) = {u ∈ TpM | F (p, u) < 1} is strongly convex.
Note that condition (d) is equivalent to the following matrix
(Gij) :=
(
∂2G
∂ui∂uj
)
being positive definite on M˜ .
Definition 2.2 ( [1]). A complex Finsler metric F on a complex manifold M is a continuous
function F : T 1,0M → R+ that satisfies:
(i) G = F 2 is smooth on M˜ ;
(ii) F (p, v) > 0 for all (p, v) ∈ M˜ ;
(iii) F (p, ζv) = |ζ|F (p, v) for all (p, v) ∈ T 1,0M and ζ ∈ C.
Definition 2.3 ( [1]). A complex Finsler metric F is called strongly pseudoconvex if the Levi
matrix
(Gαβ) :=
(
∂2G
∂vα∂vβ
)
is positive definite on M˜ .
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LetF : T 1,0M → R+ be a complex Finsler metric on a complexmanifoldM . Using the complex
structure J onM and the bundle map o : TRM → T 1,0M , we can define a real function
F o : TRM → R+, F o(u) := F (uo), ∀ u ∈ TRM.
Definition 2.4 ( [1]). A complex Finsler metric F is called strongly convex if the associated func-
tion F o is a real Finsler metric.
For a strongly convex complex Finsler metric F , we use the same symbol F to denote the
associated real Finslermetric F o, wherewe understand that F (u) is defined by F (uo) for u ∈ TRM .
In the following, as in [1], for functions defined on M˜ , the lower Greek indices like α, β and
so on run from 1 to n = dimCM while lower Latin indices like i, j and so on run from 1 to
2n = dimRM , and subscripts denote derivatives. We use a semi-colon to distinguish between
derivatives with respect to the complex coordinates z = (z1, · · · , zn) and derivatives with respect
to complex vector coordinates v = (v1, · · · , vn). We also use semi-colon to distinguish between
derivatives with respect to the base manifold coordinates x = (x1, · · · , x2n) and derivatives with
respect to the vector variables u = (u1, · · · , u2n); for example
Gα =
∂G
∂vα
, G;µ =
∂G
∂zµ
, Gα;γ =
∂2G
∂zγ∂vα
,
G;i =
∂G
∂xi
, Ga =
∂G
∂ua
, Ga;i =
∂2G
∂ua∂xi
.
For a strongly pseudoconvex complex Finsler metric F , we denote Gγ the complex geodesic
spray coefficients associated to F which are given by
G
γ =
1
2
Γ γ;µv
µ, Γ γ;µ = G
τγGτ ;µ,
where (Gτγ) is the inverse matrix of (Gατ ) such that GατG
τγ = δγα.
For a strongly convex complex Finsler metric F , we denote Gi the real geodesic spray coeffi-
cients associated to F which are give by
Gi =
1
4
gij(Gj;ku
k −G;j),
where (gij) is the inverse matrix of (gjk) =
(
1
2Gjk
)
such that gijgjk = δ
i
k.
It is known that a real geodesic x = (x1(t), · · · , xn(t), xn+1(t), · · · , x2n(t)) : [0, 1] → M on a
strongly convex complex Finsler manifold (M,F ) satisfies the following system of equations
d2xi(t)
dt2
+ 2Gi(x, u) = 0, i = 1, · · · , 2n
where u = (dx
1(t)
dt
, · · · , dx2n(t)
dt
).
Definition 2.5 ( [5]). A real Finsler metric F on a manifold M is a real Berwald metric if in any
standard local coordinate system (x, u) in TRM , the real spray coefficients G
i are quadratic with
respect to u ∈ TxM for any x ∈M .
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Real Berwaldmetrics form an important class of real Finslermetrics, which are natural general-
ization of Riemannian metrics in real Finsler geometry [2,5,10]. One may ask whether there exists
strongly convex complex Finsler metric which is simultaneously a real Berwald metric. In [16],
the third author proved that a strongly convex Ka¨hler Finlser metric is a complex Berwald metric
if and only if it is a real Berwald metric. Letα2(ξ) = aij(z)ξ
iξj and β2 = bij(w)η
iηj be two Hermi-
tian metrics on complex manifolds M1 and M2, respectively. Recently in [14],we proved that the
following Szabo´ metric
Fε =
√
α2(ξ) + β(η) + ε(α2k(ξ) + β2k(η))
1
k , ε ∈ (0,+∞)
is actually a strongly convex complex Berwald metric onM = M1×M2. Moreover, Fε is a strongly
convex Ka¨hler Finsler metric onM = M1 ×M2 if α2(ξ) and β2(η) are two Ka¨hler metrics on M1
andM2, respectively. This provides us with an important class of strongly convex complex Finsler
metrics which are both Ka¨hler Finsler metrics and real Berwald metrics onM = M1 ×M2.
A natural question one may ask is whether there exists U(n)-invariant strongly convex com-
plex Finsler metric which is also a real Berwald metric. In [15], however, the second author prove
that there does not exist any non-Hermitian U(n)-invariant Ka¨hler Finsler metric on domains
D ⊂ Cn. Thus in order to answer the above question, we need to investigate the real Finsler
geometry of U(n)-invariant strongly convex complex Finsler metrics.
3 Real fundamental tensor of a U(n)-invariant strongly convex com-
plex Finsler metric
In [15], the second author proved the following proposition (See Proposition 2.6 and Remark 2.7
in [15]).
Proposition 3.1. Let F =
√
rφ(t, s) be a U(n)-invariant metric on a domain D ⊆ Cn such that n ≥ 2.
Then F is a strongly psuedoconvex complex Finsler metric if and only if either
φ− sφs > 0 and (φ− sφs)[φ+ (t− s)φs] + s(t− s)φφss > 0 (3.1)
whenever n ≥ 3, or
(φ− sφs)[φ+ (t− s)φs] + s(t− s)φφss > 0 (3.2)
whenever n = 2 for any z ∈ D and any nonzero vectors v ∈ T 1,0z D.
Proof. In this paper, we give a proof which is different from that of given in [15]. Denote
c0 := φ− sφs, H := (Gαβ)
and
B :=


s1 z1
...
...
sn zn

 , X := (rφss 0
0 φs
)
, B∗ :=
(
s1 · · · sn
z1 · · · zn
)
. (3.3)
Then by (2.16) in [15],
H = c0In +BXB
∗. (3.4)
7
By Lemma 4.1 in [13], we have
det(λIn −H) = det((λ− c0)In −BXB∗) = (λ− c0)n−2 det((λ− c0)I2 −B∗BX). (3.5)
Using (3.3), it is easy to check that
B∗BX =
(
s(t− s)φss 〈z,v〉r (t− s)φs
〈z, v〉(t − s)φss tφs
)
. (3.6)
Substituting (3.6) into (3.5), we get
det(λIn −H) = (λ− c0)n−2
{
λ2 − [2c0 + tφs + s(t− s)φss]λ+ k1
}
,
where
k1 = (φ− sφs)[φ+ (t− s)φs] + s(t− s)φφss. (3.7)
For n = 2, we denote the eigenvalue of (Gαβ) by λ1 and λ2. Then (Gαβ) is a positive definite
Hermitian matrix if and only λ1 > 0 and λ2 > 0, which is equivalently to
2c0 + tφs + s(t− s)φss > 0 and k1 > 0. (3.8)
Note that since φ > 0 and
φ[2c0 + tφs + s(t− s)φss] = φ2 + s(t− s)φ2s + k1,
which implies that if k1 > 0 then it necessary that 2c0 + tφs + s(t− s)φss > 0. This proves (3.2).
If n ≥ 3, then the other eigenvalues of (Gαβ) are given by λ3 = · · · = λn = c0. Thus (Gαβ) is
a positive definite Hermitian matrix if and only the conditions (3.1) are satisfied. This completes
the proof.
Let F (z, v) =
√
rφ(t, s) be a U(n)-invariant strongly convex complex Finsler metric with r, s, t
given by (1.2). In the following, we shall derive the real fundamental tensor matrix associated to
F . For this purpose, we denote
zα = xα +
√−1xα+n, J xα = xα+n, J xα+n = −xα, α = 1, · · · , n,
vα = uα +
√−1uα+n, J uα = uα+n, J uα+n = −uα, α = 1, · · · , n.
It is easy to check that
〈z, v〉 = 〈x|u〉+√−1〈J x|u〉 = 〈x|u〉 − √−1〈x|J u〉,
〈x|J x〉 = 〈u|J u〉 = 0, 〈x|J u〉 = −〈J x|u〉, 〈J x|J u〉 = 〈x|u〉,
where 〈·|·〉 denotes the real canonical Euclidean inner product on R2n. It follows that
|〈z, v〉|2 = 〈x|u〉2 + 〈Jx|u〉2 = 〈x|u〉2 + 〈x|J u〉2.
Furthermore, we have
r = 〈v, v〉 = 〈u|u〉, t = 〈z, z〉 = 〈x|x〉, (3.9)
s =
|〈z, v〉|2
r
=
〈x|u〉2 + 〈x|J u〉2
r
=
〈u|x〉2 + 〈u|J x〉2
r
. (3.10)
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Proposition 3.2. Let r, s, t be given by (1.2). Then
ri = 2u
i, si =
2
r
[〈u|x〉xi + 〈u|J x〉J xi − sui] , t;i = 2xi, (3.11)
s;i =
2
r
[〈x|u〉ui − 〈u|J x〉J ui], (3.12)
sij =
2
r
[
xixj + J xiJ xj − siuj − sjui − sδij
]
, (3.13)
si;j = −4u
i
r2
[
〈x|u〉uj − 〈u|J x〉J uj
]
+
2
r
[
xiuj + 〈x|u〉δij − J xiJ uj − 〈u|J x〉
∂J uj
∂ui
]
,(3.14)
2n∑
i=1
(si)
2 =
4
r
s(t− s),
2n∑
i=1
sis;i = 0, (3.15)
siu
i = 0, six
i =
2
r
(t− s)〈u|x〉, siJ xi = 2
r
(t− s)〈u|J x〉, (3.16)
s;ix
i = 2s, s;iJ xi = 0, s;iui = 2〈x|u〉, t;ixi = 2t, (3.17)
si;ju
j = 2xi − s;i. (3.18)
Proof. By (3.9) and (3.10), we get (3.11)-(3.14). Note that r, t, s are all homogeneous functions of x
and u, after a series of contractions and by using Euler’s theorem on homogeneous functions, we
obtain (3.15)-(3.18).
Differentiating G = rφ(t, s)with respect to ui and uj successively, we get
Gi = 2u
iφ+ rφssi,
Gij = 2φδij + 2u
iφssj + 2u
jφssi + rφsssisj + rφssij. (3.19)
Substituting (3.13) into (3.19), we have
Gij = 2(φ− sφs)δij + rφsssisj + φs(2xixj + 2J xiJ xj).
Proposition 3.3. Let F be a U(n)-invariant complex Finsler metric on a domain D ⊆ Cn. Then the real
fundamental tensor associated to F is given by
gij =
1
2
Gij = (φ− sφs)δij + 1
2
rφsssisj + φs(x
ixj + J xiJ xj).
In the following, we denote
c0 := φ− sφs, H := (gij)2n×2n ,
B =


s1 x
1 J x1
...
...
...
s2n x
2n J x2n


2n×3
, X =

12rφss 0 00 φs 0
0 0 φs

 . (3.20)
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We also denote BT the transpose of matrix B. Then by Proposition 3.2 and 3.3 we have
H = c0I2n +BXB
T , (3.21)
BTB =


2n∑
i=1
(si)
2 six
i siJ xi
six
i
2n∑
i=1
(xi)2
2n∑
i=1
xiJ xi
siJ xi
2n∑
i=1
xiJ xi
2n∑
i=1
(J xi)2


=


4
r
s(t− s) 2
r
(t− s)〈u|x〉 2
r
(t− s)〈u|J x〉
2
r
(t− s)〈u|x〉 t 0
2
r
(t− s)〈u|J x〉 0 t

 . (3.22)
Proposition 3.4. Let F (z, v) =
√
rφ(t, s) be a U(n)-invariant strongly convex complex Finsler metric
on a domain D ⊆ Cn. Then the inverse matrix (gij) of its real fundamental tensor matrix (gij) is given by
gjk =
1
c0
{
δjk − rφss
2L
XjXk − φs
c0 + tφs
(
xjxk + J xjJ xk
)}
, (3.23)
where
L = (c0 + tφs)
[
c0(c0 + tφs) + 2s(t− s)φφss
]
, (3.24)
Xj = φsj − 2s(t− s)φsu
j
r
, j = 1, · · · , 2n. (3.25)
Proof. By Proposition 3.3, the real fundamental tensor matrix H = (gij) is given by
H = c0I2n +BXB
T .
It is possible to obtain the inverse matrix of H by setting
H−1 =
1
c0
I2n −BZBT , (3.26)
where Z is a 3-by-3 matrix to be determined. Since by direct calculation we have
H−1H = I2n −B
(
ZBTBX + c0Z − 1
c0
X
)
BT .
Thus in order to determine the 3-by-3 matrix Z , it suffices to take
ZBTBX + c0Z − 1
c0
X = 0,
or equivalently
Z =
1
c0
X(c0I3 +B
TBX)−1
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in the case that the 3-by-3 matrix c0I3 + B
TBX is invertible. This together with (3.20) and (3.22)
gives
Z =
1
c0L

c11 c12 c13c21 c22 c23
c31 c32 c33

 , (3.27)
where
L = det(c0I3 +B
TBX) = (c0 + tφs)
[
c0(c0 + tφs) + 2s(t− s)φφss
]
,
c11 =
1
2
rφss(c0 + tφs)
2,
c22 = φs(c0 + tφs)
[
c0 + 2s(t− s)φss
]− 2
r
φ2sφss(t− s)2〈u|J x〉2,
c33 = φs(c0 + tφs)
[
c0 + 2s(t− s)φss
]− 2
r
φ2sφss(t− s)2〈u|x〉2,
c12 = c21 = −(t− s)φsφss(c0 + tφs)〈u|x〉,
c13 = c31 = −(t− s)φsφss[c0 + tφs]〈u|J x〉,
c23 = c32 =
2
r
φ2sφss(t− s)2〈u|x〉〈u|J x〉.
Substituting (3.27) into (3.26), we obtain
gjk =
1
c0
δij − 1
c0L
(
sj x
j J xj)

c11 c12 c13c21 c22 c23
c31 c32 c33



 skxk
J xk


=
1
c0
δij − 1
c0L
[
c11sjsk + c12
(
sjx
k + skx
j
)
+ c13
(
sjJ xk + skJ xj
)
+ c22x
jxk + c23
(
xjJ xk + xkJ xj
)
+ c33J xjJ xk
]
=
1
c0
δij − 1
c0L
{
1
2
rφss(c0 + tφs)
2sjsk
− (t− s)φsφss(c0 + tφs)
[
sj
(
〈u|x〉xk + 〈u|J x〉J xk
)
+ sk
(〈u|x〉xj + 〈u|J x〉J xj) ]
+
2
r
φ2sφss(t− s)2
[
〈u|x〉xj〈u|J x〉J xk + 〈u|x〉xk〈u|J x〉J xj
]
+ φs(c0 + tφs)
[
c0 + 2s(t− s)φss
] (
xjxk + J xjJ xk
)
− 2
r
φ2sφss(t− s)2
[
〈u|J x〉2xjxk + 〈u|x〉2J xjJ xk
]}
. (3.28)
A rearrangement of (3.28) together with the equalities
(c0 + tφs)si − 2(t− s)φs 〈u|x〉x
i + 〈u|J x〉J xi
r
= φsi − 2s(t− s)φsu
i
r
and
〈u|J x〉2 = rs− 〈u|x〉2
gives (3.23). This completes the proof.
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4 Strong convexity of U(n)-invariant complex Finsler metric
In [15], the third author initiated a study on U(n)-invariant complex Finsler metrics and obtained
the necessary and sufficient condition for a U(n)-invariant complex Finsler metrics to be strongly
pseudoconvex, as well as a sufficient condition for a U(n)-invariant complex Finsler metric to be
strongly convex. In this section, we shall give a necessary and sufficient condition for a U(n)-
invariant complex Finsler metric to be strongly convex.
Proposition 4.1 ( [15]). A U(n)-invariant complex Finsler metric F (z, v) =
√
rφ(t, s) defined on a
domain D ⊆ Cn is strongly pseudoconvex if and only if φ satisfies
φ− sφs > 0, (φ− sφs)
[
φ+ (t− s)φs
]
+ s(t− s)φφss > 0
whenever n ≥ 3; or
(φ− sφs)
[
φ+ (t− s)φs
]
+ s(t− s)φφss > 0
whenever n = 2.
Proposition 4.2 ( [15]). Let F =
√
rφ(t, s) be a U(n)-invariant complex Finsler metric on a domain
D ⊆ Cn. If F satisfies
φ− sφs > 0, φs ≥ 0, φss ≥ 0
for every z ∈ D and nonzero vector v ∈ T 1,0z D. Then F is a strongly convex complex Finsler metric.
DenoteMn×m(C) the set of all n ×m matrices over the complex number field C. We need the
following lemma.
Lemma 4.1 ( [13]). Let C ∈Mn×m(C), E ∈Mm×n(C), λ ∈ C. Then
λm det(λIn − CE) = λn det(λIm − EC).
Theorem 4.1. A U(n)-invariant complex Finsler metric F (z, v) =
√
rφ(t, s) defined on a domain D ⊆
C
n is strongly convex if and only if
φ− sφs > 0, (4.1)
φ+ (t− s)φs > 0, (4.2)
(φ− sφs)[φ+ (t− s)φs] + 2s(t− s)φφss > 0 (4.3)
for any z ∈ D and any nonzero vector v ∈ T 1,0z D.
Proof. We prove this theorem by derive the necessary and sufficient condition that all of the eigen-
values of H are positive.
By Proposition 3.3, the fundamental tensor matrix H is
H = c0I2n +BXB
T .
Using (3.22), we get
BTBX =

 2s(t− s)φss 2rφs(t− s)〈u|x〉 2rφs(t− s)〈u|J x〉φss(t− s)〈u|x〉 tφs 0
φss(t− s)〈u|J x〉 0 tφs

 .
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In the following, we derive all of the eigenvalues of the fundamental tensor matrix H . By Lemma
4.1, we have
det(λI2n −H)
= det
[
(λ− c0)I2n −BXBT
]
= (λ− c0)2n−3 det
[
(λ− c0)I3 −BTBX
]
= (λ− c0)2n−3 det

 (λ− c0)− 2s(t− s)φss −2rφs(t− s)〈u|x〉 −2rφs(t− s)〈u|J x〉−φss(t− s)〈u|x〉 (λ− c0)− tφs 0
−φss(t− s)〈u|J x〉 0 (λ− c0)− tφs


= (λ− c0)2n−3(λ− c0 − tφs)
{
λ2 − [2c0 + tφs + 2s(t− s)φss]λ+ k˜},
where
k˜ = c0 (c0 + tφs) + 2s(t− s)φφss.
Note that an 2n-by-2n real symmetric matrix H has exactly 2n real eigenvalues(counting mul-
tiplicities). Therefore F is a strongly convex complex Finsler metric if and only if H is a positive
definite matrix at each (z, v) ∈ T 1,0D ∼= D × Cn with v 6= 0, if and only if all the eigenvalues of H
is positive, if and only if
c0 > 0, c0 + tφs > 0, 2c0 + tφs + 2s(t− s)φss > 0, k˜ > 0. (4.4)
It is easy to check that
φ
[
2c0 + tφs + 2s(t− s)φss
]
= φ2 + s(t− s)φ2s + k˜.
Thus if the fourth inequality in (4.4) holds, then it is necessary that the third inequality in (4.4)
holds since φ > 0. Therefore F is a strongly convex complex Finsler metric if and only if (4.1)-(4.3)
hold. This completes the proof.
Remark 4.1. There are lots of functions φ(t, s) which satisfy Theorem 4.1. As a result, there are
lots of U(n)-invariant strongly convex complex Finsler metrics on domainsD ⊆ Cn.
Example 4.1. Taking φ(t, s) = (1 + s)2, then it is easy to check that F (z, v) =
√
rφ(t, s) is a U(n)-
invariant strongly convex complex Finsler metric on the open unit ball Bn ⊂ Cn.
Notice that a strongly convex complex Finsler metric is necessary a strongly pseudoconvex
complex Finsler metric. The converse, however, is not necessary true, unless some extra condition
is satisfied.
Corollary 4.1. Let F =
√
rφ(t, s) be a U(n)-invariant complex Finsler metric on a domainD ⊆ Cn(n ≥
3). If F satisfies φss ≥ 0. Then F is strongly pseudoconvex if and only if F is strongly convex.
Proof. We only need to prove the necessity. Suppose that F =
√
rφ(t, s) is a U(n)-invariant
strongly pseudoconvex complex Finsler metric satisfying φss > 0. By Proposition 4.1, F satis-
fies
c0 = φ− sφs > 0, k1 = c0(c0 + tφs) + s(t− s)φφss > 0. (4.5)
13
To prove the strong convexity of F , we only need to show that
c0 + tφs > 0, k˜ > 0.
In deed, we have
k˜ = k1 + s(t− s)φφss, k1
φ2
=
[
s(c0 + tφs)
φ
]
s
.
It follows from (4.5) that k˜ > 0 since φss ≥ 0, and that s(c0+tφs)φ is strictly monotonically increasing
with respect to s. Hence s(c0+tφs)
φ
> 0 whenever s > 0, which implies that c0 + tφs > 0 whenever
s > 0. When s = 0, we can deduce directly from k1 > 0 that c0 + tφs > 0. Hence c0 + tφs > 0 for
any s ≥ 0 and t ≥ 0. This completes the proof.
In the following, we denote Bn(R) = {z ∈ Cn : ‖z‖2 < R2} the ball centered at the origin
with radius R in Cn. Especially, we denote Bn = Bn(1) the open unit ball in Cn. Now we give an
example of strongly pseudoconvex complex Finsler metric which is not strongly convex.
Example 4.2. Let
φ(t, s) = 4− s2.
Then F =
√
rφ(t, s) is a U(n)-invariant strongly pseudoconvex complex Finsler metric on the ball
B
n( 4
√
3) ⊂ Cn, but F is not a strongly convex complex Finsler metric.
Proof. It is obvious that
0 ≤ s ≤ t <
√
3.
In the following, we divide our proof into two steps for clarity.
Step 1. We show that F is strongly pseudoconvex. A direct calculation gives
φs = −2s, φss = −2,
c0 = φ− sφs = 4 + s2 > 0, (4.6)
k1 = c0(c0 + tφs) + s(t− s)φφss
= 16− s4 + 16s2 − 16st
> 16− s4 + 16s2 − 16
√
3s, (4.7)
where we have used the fact that t <
√
3 in the last inequalitiy. Denote
f(s) = 16− s4 + 16s2 − 16
√
3s. (4.8)
Nest we prove that F is strong pseudoconvexity. By Proposition 4.1 we only need to show that
f(s) ≥ 0 for 0 < s < √3. Note that f(0) = 16 > 0, f(√3) = 7 > 0, It suffices to show f(s) ≥ 0 at
extremal points. Denote s one of the extremal point if it causes no confusion. Then at any extremal
point, we have
f ′(s) = −4s3 + 32s − 16
√
3 = 0,
which yields that any extremal point of f(s) satisfies
8s − s3 = 4
√
3. (4.9)
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Substituting (4.9) into (4.8), we get
f(s) = 16− s4 + 16s2 − 16
√
3s
= 16 + (8s − s3)s+ 8s2 − 16
√
3s
= 16 + 4
√
3s+ 8s2 − 16
√
3s
= (2
√
2s− 3)2 + 7
≥ 7 > 0.
Hence f(s) > 0 for any s, furthermore by (4.7) we get k1 > 0 for any s and t. This together with
(4.6) shows that F is a strongly pseudoconvex complex Finsler metric.
Step 2. We prove that F is not strongly convex. It suffices to show at some points, k˜ ≤ 0. In
fact, we have
k˜ = c0(c0 + tφs) + 2s(t− s)φφss
= (4 + s2)(4 + s2 − 2ts)− 4s(t− s)(4− s2). (4.10)
By taking s = t2 in (4.10), we get
k˜ =
(
4 +
t2
4
)(
4 +
t2
4
− t2
)
− 4× t
2
(
t− t
2
)(
4− t
2
4
)
= 16 +
1
16
t4 − 6t2. (4.11)
Since t2 ∈ [0, 3), we can take t2 = 3 − ε in (4.11) for some positive real number ε small enough, in
this case
k˜ = 16 +
1
16
(3− ε)2 − 6(3 − ε)
= −23
16
+O(ε)
< 0,
where O(ε) is an infinitesimal of first order of ε. This completes the proof.
5 U(n)-invariant strongly convex real Berwald metric
By Remark 4.1, there are lots of U(n)-invariant strongly convex complex Finsler metrics on do-
mains D ⊆ Cn, one may ask that among these metrics whether there are real Berwald metrics.
In this section, we shall give a characterization of U(n)-invariant strongly convex complex Finsler
metrics to be real Berwald metrics.
Proposition 5.1. Let F =
√
rφ(t, s) be a U(n)-invariant strongly convex complex Finsler metric on a
domain D ⊆ Cn. Then its real spray coefficients Gi are given by
G
i =
[
c1〈x|u〉2 + rc2
]
xi + c1〈x|u〉〈u|J x〉J xi + c3〈x|u〉ui + c4〈u|J x〉J ui, (5.1)
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where
c1 =
1
Lc0
{
c0(c0 + tφs)
[
φ(φst + φss)− φs(φt + φs)
]
−(t− s)φφss
[
sφs(φt + φs)− φ(φt − φs)
]}
, (5.2)
c2 =
sφs(φt + φs)− φ(φt − φs)
2c0(c0 + tφs)
, (5.3)
c3 =
(c0 + tφs)(φt − sφst) + sφss[(t− s)φt − φ]
c0(c0 + tφs) + 2s(t− s)φφss , (5.4)
c4 =
φs
c0
. (5.5)
Proof. The real spray coefficients associated to F are given by
Gi =
1
4
gil
(
Gl;ku
k −G;l
)
. (5.6)
By Proposition 3.4, we have
gil =
1
c0
{
δil − rφss
2L
XiX l − φs
c0 + tφs
(
xixl + J xiJ xl
)}
, (5.7)
where L is given by (3.24), and
Xi = φsi − 2
r
s(t− s)φsui = 2
r
φ
[
〈x|u〉xi + 〈u|J x〉J xi
]
− 2
r
s(c0 + tφs)u
i. (5.8)
Since G = rφ(t, s), a direct calculation yields
Gl;ku
k −G;l = 2〈x|u〉
[
2(φt + φs)u
l + r(φst + φss)sl
]
+ 2r(φs − φt)xl − 2rφss;l. (5.9)
By substituting (3.11) and (3.12) into (5.9), we get
Gl;ku
k −G;l = 4
[
φt − s(φst + φss)
]〈x|u〉ul + 4φs〈u|J x〉J ul + 2(φs − φt)〈u|u〉xl
+ 4(φst + φss)
[〈x|u〉2xl + 〈x|u〉〈u|J x〉J xl]. (5.10)
By Proposition 3.2, it is easy to check that
2n∑
l=1
X lul = −2s(t− s)φs,
2n∑
l=1
X lsl =
4
r
s(t− s)φ,
2n∑
l=1
X lxl =
2
r
(t− s)c0〈x|u〉,
2n∑
l=1
X ls;l = −4
r
s(t− s)φs〈x|u〉,
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which together with (5.9) imply
X l
(
Gl;ku
k −G;l
)
= 4(t− s)[c0φs − (φ+ sφs)φt + 2sφ(φst + φss)]〈x|u〉. (5.11)
Similarly, we have
xl
(
Gl;ku
k −G;l
)
= 4
[
(φt + φs) + (t− s)(φst + φss)
]〈x|u〉2 + 2r[t(φs − φt)− 2sφs],(5.12)
Jxl
(
Gl;ku
k −G;l
)
= 4
[
(φt + φs) + (t− s)(φst + φss)
]〈x|u〉〈u|J x〉. (5.13)
By substituting (5.7), (5.8), (5.10)-(5.13) into (5.6), and rearranging the terms according to different
types, we obtain (5.1).
Theorem 5.1. Let F =
√
rφ(t, s) be a U(n)-invariant strongly convex complex Finsler metric on a
domain D ⊂ Cn. Then F is a real Berwald metric if and only if F comes from a U(n)-invariant Hermitian
metric.
Proof. If F comes from a U(n)-invariant Hermitian metric we have φss = 0 and consequently
gij = c0δij + φs(x
ixj + J xiJ xj).
It is clear that
∂c0
∂s
= −sφss = 0, ∂φs
∂s
= φss = 0.
Thus F is a real Berwald metric. Conversely, If F is a real Berwald metric, then the real spray
coefficientsGi of F are quadratic with respect to the tangent directions u. If follows from (5.1) that
c1, c3 and c4 are necessary independent of s, i.e.,
∂c1
∂s
= 0,
∂c3
∂s
= 0,
∂c4
∂s
= 0. (5.14)
Next since
rs = 〈x|u〉2 + 〈u|J x〉2
are quadratic with respect to u, thus c2 is at most linear with respect to s, i.e.,
∂2c2
∂s2
= 0. (5.15)
But the equality
0 =
∂c4
∂s
=
φφss
c20
implies φss = 0, i.e., F comes from a U(n)-invariant Hermitian metric. In this case, equality (5.15)
and the rest three equalities in (5.14) hold automatically. This completes the proof.
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6 Holomorphic sectional curvature of U(n)-invariant complex Finsler
metrics
A strongly pseudoconvex complex Finsler metric is called a weakly complex Berwald metric if its
complex Berwald connection coefficients Gαβγ(z, v) = G
α
βγ(z), that is, locally G
α
βγ are independent
of fiber coordinates. This notion was first introduced in [16]. It is easy to check that a strongly
pseudoconvex complex Finsler metric is a weakly complex Berwald metric if and only if locally its
complex geodesic coefficients Gi are quadratic and holomorphic with respect to fiber coordinates
v, that is,
G
α
βγ = G
α
βγ(z)v
βvγ .
So that weakly complex Berwald metrics are those complex Finsler metrics whose behavior of
geodesic are the most closest to Hermitian metrics.
Let F =
√
rφ(t, s) be a U(n)-invariant strongly pseudoconvex complex Finsler metric defined
on a domainD ⊆ Cn. It was proved in [15] that F is a weakly complex Berwald metric if and only
if φ satisfies the following nonlinear PDE
φ(φst + φss)− φs(φt + φs) = g(t)
[
c0(c0 + tφs) + s(t− s)φφss
]
for a real-valued smooth function g(t). For U(n)-invariant weakly complex Berwald metrics, its
holomorphic sectional curvature along a nonzero tangent direction v ∈ T 1,0z D was given in [15],
KF (z, v) = − 2
φ2
{
φ
[
s
∂k2
∂t
+ k2
]
+ s(c0 + tφs)
[
sg′(t) + 2g(t)
]}
,
where
k2 =
1
k1
{
[φ+ (t− s)φs + s(t− s)φss](φt + φs)− s[φ+ (t− s)φs](φst + φss)
}
,
∂k2
∂t
=
1
φ2
{
φ(φtt + φst)− φt(φt + φs)− sg(t)
[
φ(φt + φs) + (t− s)φφst − φt(c0 + tφs)
]
−sφg′(t)[φ+ (t− s)φs]}.
Theorem 6.1. Suppose that F (z, v) =
√
rφ(t, s) is a U(n)-invariant strongly pseudoconvex complex
Finsler metric on a domain D ⊆ Cn. Then F is a weakly complex Berwald metric with vanishing holo-
morphic sectional curvature if and only if F =
√
rf(s− t) for some smooth positive function f(w) with
w = s− t.
Proof. The sufficiency follows from Theorem 4.1 in [12] and the necessity follows from Theorem
5.8 in [11].
For an arbitrary U(n)-invariant strongly pseudoconvex complex Finsler metric F =
√
rφ(t, s),
we obtain the following explicit formula for its holomorphic sectional curvature.
Theorem 6.2. Let F (z, v) =
√
rφ(t, s) be a U(n)-invariant strongly pseudoconvex complex Finsler
metric. Then the holomorphic sectional curvature KF (z, v) of F along a nonzero tangent direction v ∈
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T
1,0
z D is given by
KF (z, v) = − 2
φ2k1
{
k1
[
s(φtt + 2φst + φss) + (φt + φs)
]
− s2(t− s)φ(φst + φss)2
+ 2s2(t− s)φs(φst + φss)(φt + φs)− s
[
c0 + (t− s)φs + s(t− s)φss
]
(φt + φs)
2
}
, (6.1)
where c0 and k1 are given by (4.5). Especially, if 0 ∈ D, then at the origin the holomorphic sectional
curvature of F is always a constant along any nonzero tangent direction, i.e.,
KF (0, v) =
−2[φt(0, 0) + φs(0, 0)]
φ2(0, 0)
= constant, ∀0 6= v ∈ T 1,00 D.
Proof. The holomorphic sectional curvature KF of a strongly pseudoconvex complex Finsler met-
ric F can be expressed as (see [15])
KF = − 2
G2
Gγ∂ν(2G
γ)vν , (6.2)
where
Gγ =
∂G
∂vγ
, ∂ν =
∂
∂vν
,
andGγ denotes the complex geodesic spray coefficients associated toF . By (3.14) and (3.15) in [15],
we have
2Gγ = k2〈z, v〉vγ + k3(〈z, v〉)2zγ , γ = 1, 2, · · · , n.
where
k2 =
k4
k1
, k3 =
k5
k1
, (6.3)
k4 =
[
c0 + tφs + s(t− s)φss
]
(φt + φs)− s(c0 + tφs)(φst + φss), (6.4)
k5 = φ(φst + φss)− φs(φt + φs). (6.5)
It is easy to check that
∂ν(2G
γ) =
∂k2
∂t
zν〈z, v〉vγ + ∂k2
∂s
〈z, v〉vν
r
〈z, v〉vγ + k2vνvγ
+
∂k3
∂t
zν(〈z, v〉)2zγ + ∂k3
∂s
〈z, v〉
r
vν(〈z, v〉)2zγ + 2k3〈z, v〉vνzγ . (6.6)
Note that
n∑
ν=1
zνvν = 〈z, v〉,
n∑
ν=1
vνvν = r, 〈z, v〉〈z, v〉 = rs,
Gγv
γ = G, Gγz
γ = (vγφ+ rφssγ)z
γ = (c0 + tφs)〈z, v〉.
Thus contracting (6.6) with vν and Gγ successively yields
Gγ∂ν(2G
γ)vν = r2
[(∂k2
∂t
s+
∂k2
∂s
s+ k2
)
φ+ s
(∂k3
∂t
s+
∂k3
∂s
s+ 2k3
)
(c0 + tφs)
]
. (6.7)
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Substituting (6.7) and (6.3)-(6.5) into (6.2) and rearranging terms, we obtain (6.1).
Furthermore, if 0 ∈ D, then at the origin z = 0, we have t = s = 0, which implies k1 = φ2(0, 0).
Thus
KF (0, v) = − 2
φ2
(φt + φs)
∣∣∣
(t,s)=(0,0)
=
−2[φt(0, 0) + φs(0, 0)]
φ2(0, 0)
= constant.
This completes the proof.
Hopefully, Theorem 6.2 shall find its independent interesting in looking for examples of U(n)-
invariant complex Finsler metrics with specific property of holomorphic sectional curvatures.
Example 6.1. Let F =
√
rφ(t, s) be a U(n)-invariant complex Finsler metric with φ(t, s) =
(1−t+s)2
(1−t)3
. Then F is a strongly convex weakly complex Berwald metric on the open unit ball
B
n ⊂ Cn satisfying
KF (z, v) =
−6(1− t)
1− t+ s ≥ −6, ∀z ∈ B
n, 0 6= v ∈ T 1,0z Bn,
KF (0, v) ≡ −6, ∀0 6= v ∈ T 1,00 Bn.
Example 6.2. [12] LetF =
√
rf(s− t) be aU(n)-invariant strongly pseudoconvex complex Finsler
metric defined on a domain D ⊆ Cn. Then the holomorphic curvature of F vanishes identically,
i.e.,
KF (z, v) ≡ 0, ∀z ∈ D, 0 6= v ∈ T 1,0z D.
Example 6.3. [13] Let F =
√
rφ(t, s) be a U(n)-invariant complex Finsler metric with φ(t, s) =
(1+t−s)2
(1+t)3
. Then F is a strongly convex weakly complex Berwald metric on the open unit ball Bn ⊂
C
n satisfying
KF (z, v) =
6(1 + t)
1 + t− s ≥ 6, z ∈ B
n, 0 6= v ∈ T 1,0z Bn,
KF (0, v) ≡ 6, ∀0 6= v ∈ T 1,00 Bn.
7 The real geodesics on the unit sphere S2n−1 ⊂ Cn
In [7], S. Dragomir and R. Grimaldi posed an open problem to study the real (or complex geodesic)
geodesics of the following complex Wrona metric
F (z, v) =
‖v‖4
‖z‖2‖v‖2 − |〈z, v〉|2
on Cn. For a parameterized curve γ : [a, b] → Cn with τi = a + b−am i, i = 0, 1, · · · ,m − 1, they
defined the length of γ with respect to the complex Wrona metric by
L(γ) = lim
m→∞
m−1∑
i=0
F (γ(τi), γ(τi+1)− γ(τi)).
In this section we consider the real geodesic of U(n)-invariant complex Finsler metrics on Cn.
S. Dragomir and R. Grimaldi [7] obtained the following interesting property of the complex
Wrona metric.
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Proposition 7.1 ( [7]). Let 0 < α < pi2 and γ(τ)(0 ≤ τ ≤ α) be any real geodesic of the complex Wrona
metric on the unit sphere S2n−1 ⊂ Cn, which is parametrized by arc length. Then L(γ) = α.
Note that the complex Wrona metric is a U(n)-invariant complex Finsler metric which is sin-
gular on the set Ω = {(z, v) ∈ T 1,0D|z = λv, λ ∈ C}. It can be rewritten as F (z, v) = rφ(t, s) with
φ(t, s) = 1
t−s .
The following theorem shows that for any U(n)-invariant complex Finsler metrics defined on
C
n their real geodesics share the same property as the complex Wrona metric. More precisely, we
have
Theorem 7.1. Suppose that F (z, v) =
√
rφ(t, s) is a U(n)-invariant complex Finsler metric defined on
C
n which is normalized such that φ(1, 0) = 1. Let 0 < α < pi2 and γ(τ)(0 ≤ τ ≤ α) be a real geodesic of
F on the unit sphere S2n−1 ⊂ Cn which is parameterized by arc length. Then
L(γ) = α.
Proof. The proof essentially goes along the same lines as that in [7]. In fact, let z, w ∈ S2n−1 such
that 〈z, w〉 = 0 and write γ(τ) = z cos τ + w sin τ, 0 ≤ τ ≤ α. Set τi = αm i, 0 ≤ i ≤ m. Then
〈γ(τi+1), γ(ti)〉 = cos α
m
, ‖γ(τi+1)− γ(τi)‖2 = 2
(
1− cos α
m
)
and
F (γ(τi), γ(τi+1)− γ(τi)) =
√
‖γ(τi+1)− γ(τi)‖2φ
(
1,
|〈γ(τi), γ(τi+1)− γ(τi)〉|2
‖γ(τi+1)− γ(τi)‖2
)
= 2 sin
α
2m
√
φ
(
1, sin2
α
2m
)
.
Consequently
L(γ) = lim
m→∞
[
2m sin
α
2m
√
φ
(
1, sin2
α
2m
)]
= αφ(1, 0) = α,
this completes the proof.
Remark 7.1. It is obvious that the function φ(t, s) corresponding to the complex Wrona metric
satisfies φ(1, 0) = 1. On the other hand, any U(n)-invariant complex Finsler metric F =
√
rφ(t, s)
defined on Cn can be normalized such that φ(1, 0) = 1, since F can multiplied by a positive
constant 1
φ(1,0) if necessary. We also point it out that the Bergman metric F =
√
rφ(t, s) with
φ(t, s) = 11−t +
s
(1−t)2
defined on the open unit ball Bn ⊂ Cn does not satisfy the condition in
the above theorem since φ(1, 0) = ∞. Theorem 7.1 actually implies that the great circles are real
geodesics of F when restricted to the unit sphere S2n−1 in Cn.
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